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Abstract—In order to have an accurate knowledge of system-
wide operation states, it is necessary to perform state estimation
for the integrated energy system (IES) as the basis of energy man-
agement and control. Centralized state estimation is practically
infeasible for IES due to the unreliability of communication, the
barrier on privacy, and the large scale of integrated systems.
This paper proposes a distributed state estimation algorithm
based on the alternating direction method of multipliers (ADMM)
for IES containing electricity, heat, and natural gas. Various
coupling units are taken into full consideration in modeling
of IES state estimation to reflect the harmonization of multi
energy. On the basis of bilinear measurement model, the state
estimation considering nonlinear measurements can be replaced
by an equivalent three-stage problem containing two linear state
estimations and an intermediate transformation to avoid non-
convex optimization. The three-stage procedure for IES state
estimation can be further decoupled over three sub-systems
with coordination on coupling units, yielding a fully distributed
scheme based on ADMM. A modified ADMM with the self-
adjusting penalty parameter is also adopted to enhance the
convergence. Simulation results demonstrate the validity and
superiority of the proposed algorithm.

Index Terms—Alternating direction method of multipliers,
coupling units, distributed state estimation, integrated energy
system.

I. INTRODUCTION

THE energy system worldwide is undergoing deep restruc-
turing, traditional single energy system is gradually trans-

forming to integrated energy system (IES) with harmonization
of multi energy [1]. There are some advantages of various
energy carriers integrated in a whole system. On the one hand,
comprehensive planning and operation of multi energy forms
can further optimize the allocation of resources and improve
energy efficiency by exploiting their complementation and
synergies. On the other hand, taking advantage of the potential
energy storage capacity of heat and natural gas systems, IES
can make up for the intermittence and unpredictability of
renewable energy through energy conversion, thus promoting
its consumption. It is predicted that in 30 to 50 years, IES will
become the primary energy carrier in the whole world [2].
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This paper focuses on the harmonization of electricity, heat
and natural gas these three energy systems. The extensive
utilization of a variety of coupling units makes an increas-
ingly tight coupling among these systems. Natural gas-based
combined heat and power units (CHP), one of the most impor-
tant coupling units in IES, are efficient and environmentally
friendly energy supplies with an energy utilization rate of over
80% [3]. Motor compressors consume electricity to maintain
the required pressure level of natural gas systems. The com-
bination of power to gas equipment (P2G) and gas-powered
generators enable the bi-directional energy conversion between
electricity and gas, significantly enhancing the interaction be-
tween electricity and natural gas systems [4]. Hence, modeling
of these coupling units is considered necessary when studying
the coordination among various energy systems.

The full and accurate awareness of the system operating
status is the basis of energy management and control. As with
electricity systems, there are large numbers of measurement
meters in heat and natural gas systems configured for security
monitoring and billing requirements. However, the redundant
measurements are generally incomplete and accompanied with
varying degrees of noises. Therefore, it is necessary and
feasible to perform state estimation for IES to filter out
measurement noises and accurately estimate global states.

State estimation researches on electricity systems are rela-
tively mature, while few on heat and natural gas systems [5]–
[7]. A model is established in [5] to compute the optimal least
squares estimates for the states of district heating systems
based on hourly customer measurements. In [6], dynamic
state estimation of natural gas systems is proposed based
on Kalman filter, through which real-time estimation can be
obtained under transient flow condition. As for IES, state
estimation for combined heat and electricity systems is firstly
presented in [8] where the combined measurement model is
exploited to get a global solution. On this basis, a two-stage
state estimation approach for combined heat and electricity
systems is proposed in [9] considering the dynamic peculiarity
of heat power transmission. In [10], the joint state estimation
of combined heat and electricity systems is proposed and an
iterative method is adopted to cope with the temperature quasi-
dynamics. In [11], a steady state estimation model for coupling
electric-gas systems is established to obtain combined states,
taking the characteristic of compressors and the bad data
identification into account. Considering the delay of gas trans-
mission, state estimation of regional interconnected electricity
and gas systems with bi-directional energy conversion is
presented in [12]. However, studies on state estimation for
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IES combining electricity, heat, and gas systems are almost
blank, calling for more complete state estimation algorithms.

Furthermore, it is worth noting that different sub-systems
that compose IES are operated by different energy system
operators, leading to communication inconvenience and pri-
vacy protection among sub-systems. In addition, there is a
heavy computational burden when performing a centralized
state estimation for large-scale regional or cross-regional IES.
Therefore, distributed scheme is needed for IES state estima-
tion to obtain global state estimates with high efficiency and
minimal communication.

Many distributed state estimation algorithms have been
proposed in electricity systems, based on different criteria
for the computing and coordination scheme. In [13], a two-
step distributed state estimation algorithm is developed where
the system-wide voltage profile is acquired through the cen-
tral coordinator from local estimates of each sub-region.
A distributed solution methodology based on the coupling
constraints optimization technique is derived in [14] without
strict guaranteed convergence. The auxiliary problem principle
is applied in [15], but some parameters have to be readjusted.
In [16], on the basis of the alternating direction method of
multipliers (ADMM), a novel algorithm is proposed to perform
distributed state estimation for electricity systems with linear
measurement of PMUs, exhibiting low communication load
and good convergence performance. Convexity is the precon-
dition for reliable convergence of most distributed optimization
algorithms based on dual decomposition, while most of early
studies do not handle the non-convex issue of nonlinear state
estimation. In [17], bilinear theory is introduced to state
estimation for electricity systems with nonlinear measurements
to avoid non-convex optimization and then ADMM is utilized
for distributed solution. These distributed algorithms can be
applied to state estimation for IES by analogy.

This paper proposes an ADMM-based distributed state
estimation algorithm for IES. Main contributions are:

(1) State estimation model for IES containing electricity,
heat and natural gas is established, taking various coupling
units into full consideration to reflect the harmonization of
multi energy.

(2) A bilinear measurement model for IES is proposed to
avoid non-convex optimization. The exact linearization forms
of nonlinear measurement equations of heat and natural gas
systems are derived for the first time, considering different
physical rules of their respective systems.

(3) A fully distributed scheme of state estimation for IES
is proposed based on ADMM, yielding the global estimation
results satisfying coupling constraints with high efficiency and
little communication.

(4) A modified ADMM with the self-adjusting penalty
parameter is adopted to enhance the convergence performance,
thus further improving the computational efficiency.

The paper is organized as follows. The state estimation
model for IES considering various coupling units is established
in Section II. The bilinear measurement models of three sub-
systems are derived in Section III. Then, Section IV introduces
the ADMM-based distributed state estimation for IES. Validity
and superiority of the proposed algorithm are verified in

Section V. Final conclusion is drawn in Section VI.

II. STATE ESTIMATION FOR IES CONSIDERING VARIOUS
COUPLING UNITS

IES considered in this paper is composed of the electricity
sub-system, the heat sub-system, the natural gas sub-system,
and various coupling units such as CHPs, gas-powered boil-
ers, gas-powered generators, P2G, and motor compressors.
The electricity sub-system mainly includes generators, loads
and transmission lines; the heat sub-system consists of heat
sources, heat loads, supply and return water pipelines; the
natural gas sub-system contains gas sources, gas loads, gas
pipelines and compressors.

A. State Estimation Model for IES

Weighted least squares (WLS), the most commonly used
method in state estimation, can be applied to the state estima-
tion for IES. The objective of the WLS criterion is to minimize
the weighted sum of squares of the differences between the
actual measurements and the estimated ones [18]. Thus, the
state estimation model for IES can be expressed as follows

minJ(x) = Je(xe) + Jh(xh) + Jg(xg)

= [ze − he(xe)]TR−1
e [ze − he(xe)]

+[zh − hh(xh)]TR−1
h [zh − hh(xh)]

+[zg − hg(xg)]TR−1
g [zg − hg(xg)]

s.t. S(x) = 0

(1)

where xe, xh, and xg are vectors of state variables of the
electricity sub-system, the heat sub-system, and the gas sub-
system, respectively; ze, zh, and zg are vectors of measure-
ments gathered from three sub-systems and the chosen pseudo-
measurements; he(xe), hh(xh), and hg(xg) are vectors of
measurement functions; Re, Rh, and Rg are called the
covariance matrices of measurement errors; x = [xe,xh,xg]T

is the state vector of the entire system.
For the electricity sub-system, nodal voltage magnitudes and

voltage phase angles (except the reference node) are taken as
state variables, denoted by xe = [V ,θ]

T . The measurements
include nodal voltage magnitudes, active and reactive power
flows on the branches, and nodal power injections as pseudo-
measurements, which can be summarized in a vector as ze =
[V meas,Pmeas

b ,Qmeas
b ,Pmeas,Qmeas]

T . The superscript “meas”
indicates that the variables are measurements.

State variables of the heat sub-system include the mass
flow rate in each pipeline, supply and return temperature
at each node, denoted by xh = [m,Ts,Tr]

T . The nodal
water demands, mass flow rates of pipelines, the heat powers
generated by heat sources or consumed by heat loads, and
nodal supply and return temperatures are adopted in the
measurement vector zh = [lmeas,mmeas,Φmeas,Tmeas

s ,Tmeas
r ]

T ,
in which heat powers are pseudo-measurements gotten by
prediction.

As for the gas sub-system, let πi = p2
i be the square of gas

pressure at node i and combine them into the state vector xg =
[π]T . Measurements include the squares of each nodal gas
pressure, gas flows in the pipelines, and nodal gas demands,
summarized by the vector zg = [πmeas,fmeas,Fmeas]

T .
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S(x) = 0 is the vector of equality constraints satisfied
by IES, reflecting energy conversion relationships on various
coupling units.

B. Coupling Unit Constraints
1) CHP

CHP, the most common coupling unit in IES, generates
high-quality electricity by consuming natural gas and uses
waste heat to provide heat energy, linking the electricity,
heat and natural gas sub-systems simultaneously. The energy
conversion relationship of CHP [19] can be simply described
as 

cCHP =
φCHP

PCHP

FCHP =
PCHP + φCHP

cgasηCHP

(2)

where PCHP, φCHP and FCHP respectively represent the elec-
tricity power output, heat power output and natural gas con-
sumption of the CHP; cCHP represents the heat-to-power ratio;
cgas is the heating value of gas and ηCHP is the total efficiency
of CHP.
2) Gas-powered Generator and Gas-Powered Boiler

The gas-powered generator and the gas-powered boiler con-
sume natural gas to generate electricity and heat, respectively,
as partial coupling units within IES. The relationship between
the natural gas consumption and the generated power can be
formulated as the following conversion efficiency model{

PGG = cgasη
GGFGG

φGB = cgasη
GBFGB (3)

where FGG and FGB denote the natural gas consumption of
the gas-powered generator and the gas-powered boiler; PGG

and φGB are the electric and heat power output, respectively.
3) P2G

P2G, enabling bi-directional energy conversion between
electricity and natural gas sub-systems, has recently appeared
in the investigation of IES. The production chain of P2G is
a two-step process [4]: First, electrolyze water to produce
hydrogen and oxygen; then, synthesize methane with hydrogen
and carbon dioxide. The relationship between the amount of
consumed electricity power P P2G and produced gas F P2G in
P2G is simply given byE

P2G = cP2GηP2GP P2G

F P2G =
EP2G

cgas

(4)

4) Motor Compressor
Compressors in natural gas systems are used to maintain

the system-wide gas pressure at desired levels [20], divided
into motor compressors and gas compressors according to the
power source. Motor compressors connected to the electricity
sub-system as active loads can be considered as coupling
units [21], whose energy conversion relationship is calculated
by

PMC =
f inτ

ηMC(τ − 1)
((kMC)

τ−1
τ − 1) (5)

where PMC is the electricity power consumption of the motor
compressor; f in denotes the natural gas flow rate through the
compressor; kMC denotes the compression ratio, which is the
ratio between the outlet pressure and the inlet pressure of the
compressor.

To sum up, energy conversion relationships on these cou-
pling units can be expressed as equality constraints and
introduced into the state estimation model for IES to reflect the
coordination and interaction among three energy sub-systems.
Vectors of coupling unit constraints can be simplified given by
(6), in whichA,B,D,E,G, and I are all constant coefficient
matrices. It is worth to noting that all coupling units mentioned
above are considered in (6). If there are only a few coupling
units, only the corresponding constraints will be selected,
which is equivalent to the simplified form of the constraint
model proposed in this paper.

P CHP = AΦCHP = BF CHP

P GG = DF GG

ΦGB = EF GB

P P2G = GF P2G

PMC = IfMC

(6)

III. BILINEAR MEASUREMENT MODEL

Measurement equations, as shown in (7), are nonlinear
when considering nonlinear measurements, which makes the
conventional state estimation based on WLS criterion a typical
non-convex issue.

z = h(x) + e (7)

However, convexity is the precondition for guaranteed con-
vergence of many distributed optimization algorithms based
on dual decomposition. In order to cope with this non-
convexity of nonlinear state estimation problems, a bilinear
measurement model is adopted as a valuable alternative to
the original one [22]. According to the bilinear theory, the
original state estimation can be converted to an equivalent
three-stage problem by introducing auxiliary variables and the
intermediate transformation. The bilinear measurement model
is given in terms of (8)–(10). Among them, the intermediate
transformation is adopted to transform auxiliary variables and
thus connects the two linear measurement equations, with
the help of which the accurate linearization expansion of the
original nonlinear measurement equations is realized.

z = Hy + ez (8)
u = f(y) (9)
u = Cx+ eu (10)

First, an appropriate set of intermediate state variables y
is introduced to linearly express the original measurements.
Based on linear measurement equations (8) where H is a
constant Jacobian matrix for the linear relationships and ez is
the vector of original measurement errors, it is clear that the
first stage of the bilinear state estimation is a linear estimation
problem which is a convex optimization under WLS structure.
Then, in the second stage, the nonlinear transformation f(·)
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is applied to intermediate state variables y estimated before to
derive the set of auxiliary measurements u linearly related to
the original states. In the third stage, the linear measurement
equations relating auxiliary measurements with the original
state variables x are formulated as (10) in which C is the
constant Jacobian matrix and eu is the vector of auxiliary
measurement errors. Then, the original state variables x can be
obtained from the second linear estimation without iteration.

Thus, based on the bilinear measurement model, the original
state estimation problem can be replaced by a three-stage
procedure containing two linear WLS estimation problems
avoiding non-convex optimization and a transformation stage
for connection.

The bilinear measurement models of electricity, heat, and
natural gas sub-systems will be derived below, respectively.

A. Electricity Sub-system

The bilinear measurement model of electricity sub-system
is exactly the same as that proposed in [22], which will be
summarized in the following.
1) First Linear Stage

For the branch joining buses i and j, the following two
intermediate variables are defined.

Kij = ViVj cos(θi − θj) (11)
Lij = ViVj sin(θi − θj) (12)

In addition, squared voltage magnitudes

Ui = V 2
i (13)

are also included in the intermediate state vector ye = [U ,
K, L]T .

Then, measurement equations in the first linear stage can
be formulated in terms of variables defined above, as (14).

(V meas
i )2 = Ui + eV i2

Pmeas
bij = gijUi − gijKij − bijLij + ePbij

Qmeas
bij = −bijUi + bijKij − gijLij + eQbij

Pmeas
i =

∑
<i,j∈Θei>

(gijUi−gijKij−bijLij)+ePi

Qmeas
i =

∑
<i,j∈Θei>

(−bijUi+bijKij−gijLij)+eQi

(14)

2) Intermediate Nonlinear Transformation
The auxiliary measurement vector is defined by ue =

[αmeas, ςmeas,σmeas]T , which can be acquired through nonlin-
ear transformations shown as follows

αmeas
i = lnUi

ςmeas
ij = ln(K2

ij + L2
ij)

σmeas
ij = arctan(Lij/Kij)

(15)

3) Second Linear Stage
A slightly modified state vector x′e = [α,θ]

T , where the
logarithmic version α replaces the original voltage magnitude
V in xe, is utilized in this stage. Once α is obtained, V can

be directly computed. The linear measurement equations are
given by 

αmeas
i = αi + eαi

ςmeas
ij = αi + αj + eςij

σmeas
ij = θi − θj + eσij

(16)

B. Heat Sub-system

1) First Linear Stage
For the pipeline from bus i to bus j, the following pair of

intermediate variables is defined

Mij = mijTsi (17)
Nij = mijTri (18)

The intermediate state vector is denoted by yh = [m,M ,
N ,Ts,Tr]

T and linear measurement equations in the first
stage is given by means of

lmeas
i =

∑
<i,j∈Θhi>

mij + eli

mmeas
ij = mij + emij

φmeas
i = Cp(

∑
<i,j∈Θhi>

Mij −
∑

<i,j∈Θhi>

Nij) + eφi

Tmeas
si = Tsi + eT si

Tmeas
ri = Tri + eT ri

(19)

2) Intermediate Nonlinear Transformation
The auxiliary measurement vector uh = [βmeas, χmeas,

νmeas, γmeas
s ,γmeas

r ]T can be derived from the following non-
linear logarithmic transformation

βmeas
ij = lnm2

ij

χmeas
ij = lnM2

ij

νmeas
ij = lnN2

ij

γmeas
si = lnT 2

si

γmeas
ri = lnT 2

ri

(20)

3) Second Linear Stage
To retain linear measurement equations, state vector x′h =

[m′,T ′s ,T
′
r ]
T composed of the logarithm of squares of original

state variables is exploited in this stage, yielding the mea-
surement equations (21). The original state vector xh can be
acquired by taking the logarithm and then taking the square
root of the results.

βmeas
ij = m′ij + eβij

χmeas
ij = m′ij + T ′si + eχij

νmeas
ij = m′ij + T ′ri + eνij

γmeas
si = T ′si + eγsi

γmeas
ri = T ′ri + eγri

(21)

C. Natural Gas Sub-system

1) First Linear Stage
yg = [κ,Π]

T is defined as the intermediate state vector of
natural gas sub-systems, in which

κi = πi (22)

Πij = (πi − πj)1/k (23)
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Thus, measurement equations of the first stage can be
linearly expressed by

πmeas
i = κi + eπi

fmeas
ij = sij(sij/KKij)

1/kΠij + efij

Fmeas
i =

∑
<i,j>∈Θgi

sij(sij/KKij)
1/kΠij + eFi

(24)

where k, sij , and KKij are constant coefficients.
2) Intermediate Nonlinear Transformation

The auxiliary measurement vector here is denoted by ug =
[δmeas,ωmeas] T , which can be obtained through the following
nonlinear transformation{

δmeas
i = κi

ωmeas
ij = (Πij)

k
(25)

3) Second Linear Stage
In this linear stage, measurement equations relating the

auxiliary measurements with the original states are given by{
δmeas
i = πi + eδi

ωmeas
ij = πi − πj + eωij

(26)

IV. DISTRIBUTED STATE ESTIMATION FOR IES

A. Distributed State Estimation Algorithm Based on ADMM

The state estimation for IES based on WLS criterion is
essentially a minimization optimization problem with coupling
constraints. ADMM, an algorithm that has been exploited to
solve many distributed optimization problems [23], is adopted
to derive the distributed scheme for IES state estimation.

It is worth to highlight that, there is no strict mathematical
proof for the convergence of ADMM for the non-convex state
estimation problem. However, based on the bilinear measure-
ment model established above, the original state estimation
problem has been replaced by the intermediate transformation
without participation in the optimization and two linear estima-
tion problems satisfying the convergence premise of ADMM.

The entire state estimation for IES containing electricity,
heat, and natural gas can be decomposed into three sub-
systems state estimation with coordination on nodes where
coupling units placed, yielding the distributed state estimation
scheme. The distributed state estimation algorithm based on
ADMM, employed in the first linear stage, will be described
below.

The objective function of state estimation for IES can be
transformed equivalently into form (27) in terms of interme-
diate state variables, subjected to the constraints in (6).

minJ(y) = Je(ye) + Jh(yh) + Jg(yg)

= [ze −Heye]TR−1
e [ze −Heye]

+ [zh −Hhyh]TR−1
h [zh −Hhyh]

+ [zg −Hgyg]TR−1
g [zg −Hgyg] (27)

The augmented Lagrange function is defined as

Lρ(ye,yh,yg,λ) = Je(ye) + Jh(yh) + Jg(yg)

+ λT1 (P CHP −AΦCHP) + λT2 (P CHP −BF CHP)

+ λT3 (AΦCHP −BF CHP) + λT4 (P GG −DF GG)

+ λT5 (ΦGB −EF GB) + λT6 (P P2G −GF P2G)

+ λT7 (PMC − IfMC) +
ρ

2
(
∥∥P CHP −AΦCHP

∥∥2

2

+
∥∥P CHP −BF CHP

∥∥2

2
+
∥∥AΦCHP −BF CHP

∥∥2

2

+
∥∥P GG −DF GG

∥∥2

2
+
∥∥ΦGB −EF GB

∥∥2

2

+
∥∥P P2G −GF P2G

∥∥2

2
+
∥∥PMC − IfMC

∥∥2

2
) (28)

where λi is the vector of Lagrange multipliers corresponding
to the i-th constraints; ρ > 0 is the constant penalty parameter.

According to the scheme of ADMM [20], intermediate state
variables of three sub-systems and Lagrange multipliers are
updated alternately. The (k+ 1)-th iteration can be written as
follows

yk+1
e := arg minLρ(ye,y

k
h ,y

k
g ,λ

k
i )

yk+1
h := arg minLρ(y

k+1
e ,yh,y

k
g ,λ

k
i )

yk+1
g := arg minLρ(y

k+1
e ,yk+1

h ,yg,λ
k
i )

λk+1
1 := λk1 + ρ(P CHP,k+1 −AΦCHP,k+1)

λk+1
2 := λk2 + ρ(P CHP,k+1 −BF CHP,k+1)

λk+1
3 := λk3 + ρ(AΦCHP,k+1 −BF CHP,k+1)

λk+1
4 := λk4 + ρ(P GG,k+1 −DF GG,k+1)

λk+1
5 := λk5 + ρ(ΦGB,k+1 −EF GB,k+1)

λk+1
6 := λk6 + ρ(P P2G,k+1 −GF P2G,k+1)

λk+1
7 := λk7 + ρ(PMC,k+1 − IfMC,k+1)

(29)

In (29), the intermediate state vector yk+1
e of the electricity

sub-system is firstly updated by minimizing the augmented
Lagrange function Lρ while keeping the other two state vectors
ykh and ykg and all Lagrange multipliers λki fixed to their pre-
vious iteration values. Likewise, the intermediate state vector
yk+1

h and yk+1
g of the heat and the natural gas sub-system

are then updated successively according to the second and
third formulas in (29). Finally, the Lagrange multipliers λk+1

i

corresponding to the coupling constraints are updated with the
step size ρ using the latest updated coupling variables. The
sequential update procedure is iterated until the convergence
criterion (30) is satisfied.∥∥rk∥∥∞ ≤ εpri and

∥∥sk∥∥∞ ≤ εdual (30)

where rk denotes the primal residual at iteration k reflecting
mismatches of coupling variables among sub-systems and sk

denotes the dual residual describing the stability of iterations.

B. ADMM with the Self-Adjusting Penalty Parameter

ADMM is often criticized for its relatively slow convergence
rate which is significantly affected by the penalty parameter
corresponding to constraint equations [23]. In the original
ADMM with the fixed penalty parameter, the convergence rate
droops obviously in the late iteration and is greatly dependent
on the initial value of the penalty parameter. To cope with
these problems, a modified ADMM is employed in this paper,
of which the penalty parameter self-adjusts per iteration as the
convergence information updated.
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The adjusting rule for the penalty parameter is given by

ρk+1 =



ρk

[
1 + lg

(∥∥rk∥∥∞
‖sk‖∞

)]
if
∥∥rk∥∥∞ > µ

∥∥sk∥∥∞
ρk/

[
1 + lg

(∥∥sk∥∥∞
‖rk‖∞

)]
if
∥∥sk∥∥∞ > µ

∥∥rk∥∥∞
ρk otherwise

(31)

where µ = 10 is the typical choice [24].
The motivation behind this adjusting rule is: when the

primal residual rk appears much larger than the dual residual
sk, increase ρk to accelerate the convergence of the primal
residual; conversely, when the dual residual sk seems rela-
tively larger, reduce ρk to speed up the convergence of the
dual residual. Moreover, the logarithm of the ratio of primal
residual norms to dual residual norms is taken as the self-
adjusting reference to avoid the oscillation caused by over-
adjustment in the iterative process by utilizing the saturation
of the logarithm function.

C. Fully Distributed Scheme for IES State Estimation

On the basis of the bilinear measurement model, the state
estimation for IES is decomposed into three stages. Each of
the three stages is further decoupled over three sub-systems,
yielding a fully distributed scheme for IES state estimation.
1) Distributed Scheme in the First Linear Estimation Stage

The distributed state estimation algorithm based on ADMM,
which has been described above, is employed for the first
linear estimation stage. In the alternate update procedure of
ADMM, each sub-system sequentially performs local linear
state estimation and sends the latest coupling variables on
coupling units calculated through local intermediate state
variables to the other sub-systems for coordination. The se-
quential procedure is iterated until the convergence criterion
of ADMM is satisfied. Harmonization among electricity, heat,
and natural gas sub-systems is reflected by the satisfaction of
coupling constraints, providing the global estimated results of
intermediate state variables of three sub-systems in IES.
2) Local Transformation Stage

Nonlinear transformations are implemented to the electric-
ity, heat, and gas sub-systems respectively to derive auxiliary
measurements from the intermediate estimates obtained in the
first stage. The local transformations in this stage can be
performed in a parallel way among three sub-systems without
any communication on coupling nodes, further reducing the
computation time.
3) Distributed Scheme in the Second Linear Estimation Stage

The auxiliary measurements arising after nonlinear trans-
formations are collected as the input of the second linear
estimation stage which is based on the linear measurement
equations (10) in the bilinear measurement model.

For a sub-system i, where i = e, h, g respectively represents
the electricity, heat, and natural gas sub-system, the estimated
intermediate state ỹi, covariance cov(ỹi) and corresponding
measurements ũi have been obtained before. Then, the covari-
ance matrix of measurement errors in the second estimation

stage can be derived as follows

Rui = JFuicov(ỹi)JF
T
ui (32)

where JFui is the Jacobian matrix of fi(·) computed at ũi.
The linear WLS state estimations for three sub-systems are

performed individually in this stage, which can be directly
solved by computing (33) without iteration.

x̃i = [CT
i R
−1
ui Ci]

−1CT
i R
−1
ui ũi (33)

Finally, the global solution of original state variables satis-
fying coupling constraints is obtained through the three-stage
distributed scheme.

V. CASE STUDY

The proposed distributed state estimation algorithm for IES
is applied to a case study to verify its validity and superiority.
Electricity, heat and natural gas sub-systems constitute the
91-bus IES in this case through the connection of coupling
units. For the electricity sub-system, the standard IEEE 57-bus
system is exploited, as shown in Fig. 1. The utilized 14-bus
heat sub-system is shown in Fig. 2. The 20-bus Belgian natural
gas system shown in Fig. 3 is also included. Data about the
sub-systems are available in [20].
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Fig. 1. Schematic diagram of the IEEE 57-bus electricity sub-system.
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Fig. 2. Schematic diagram of the 14-bus heat sub-system.

All the quantities acquired from the multi energy flow
calculation are taken as true values, to which random Gaussian
noises are added for measurement simulation. Measurement
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Fig. 3. Schematic diagram of the 20-bus Belgian natural gas sub-system.

noises are simulated as independent zero-mean Gaussians with
triple standard deviation equaling to 1% and 20% of true val-
ues for actual and pseudo measurements, respectively. Monte
Carlo simulations are adopted to deal with the uncertainty
of measurement errors to test the effects of the proposed
algorithm. The number of Monte Carlo trials is set to 500.
The proposed algorithm was developed in MATLAB R2014a
and solved by GUROBI.

The relative root mean square errors (RMSEs) of estimated
state variables are adopted here to assess the estimation
precision, calculated by

RMSExi =
1

mc

mc∑
j=1

[
1

n

n∑
i=1

(
x̂i − xi,true

xi,true

)2
] 1

2

(34)

where mc is the times of Monte Carlo trials; n is the number
of state variables in state vector xi; x̂i is the set of estimated
values; xi,true is the true value vector.

In the following, the performance of the proposed dis-
tributed state estimation (DSE) algorithm is compared to
that of the individual state estimation (ISE) for each sub-
system without coordination and to that of the centralized
state estimation (CSE) carried out on the whole IES without
decomposition to verify its validity and superiority. Then,
different conditions of network coupling and measurement
observability are set to prove the applicability of the proposed
algorithm and analyze the advantage of the distributed scheme
over the centralized counterpart under different conditions.

A. Compared with Individual State Estimation

The type and location of coupling units are shown in Table I.
For the measurement configuration, full measurement set is
available. Errors of the proposed distributed state estimation
algorithm are shown in Table II, compared with those of the
individual state estimation.

As shown from the table, the proposed distributed algorithm
for IES has higher precision on state estimation of sub-systems
than the individual one, mainly due to the increase in measure-
ment redundancy by considering constraints on coupling units.
When the distributed scheme converges globally, the maximum
residual of coupling variables is 7.29 × 10−4, demonstrating

TABLE I
THE TYPE AND LOCATION OF COUPLING UNITS

Coupling Unit Electricity Bus Heat Bus Natural Gas Bus
CHP 1 13 6
CHP 8 14 3

TABLE II
COMPARISON OF THE ESTIMATED ERRORS (×10−3)

RMSEV RMSEθ RMSEm RMSET s RMSET r RMSEπ
ISE 3.10 3.90 3.20 3.90 3.20 6.10
DSE 1.10 2.20 2.50 3.10 3.00 1.50

that the estimated results acquired by the proposed algorithm
are the global states for IES with good consistency on coupling
nodes. Thus, measurement mismatches among sub-systems on
coupling units can be well eliminated, which is significant
when measurement noises of coupling variables are large.

B. Compared with Centralized State Estimation

The coupling condition and measurement configuration are
the same as given previously. Errors of the proposed dis-
tributed state estimation algorithm are shown in Table III,
compared with those of the centralized state estimation.

TABLE III
COMPARISON OF THE ESTIMATED ERRORS (×10−3)

RMSEV RMSEθ RMSEm RMSET s RMSET r RMSEπ
CSE 0.98 1.80 2.20 3.50 2.30 0.52
DSE 1.10 2.20 2.50 3.10 3.00 1.50

Estimated errors of the distributed scheme are generally
close to those of the centralized one, which proves that
the accuracy of the proposed algorithm is sufficient. The
state estimation time is 0.63 sec for the proposed distributed
algorithm versus 10.87 sec for the centralized one, yielding
a 94.20% time saving in this 91-bus IES. The significant
improvement in efficiency of the proposed algorithm comes
from the bilinear transformation to the original WLS esti-
mation problem avoiding iterations and the ADMM-based
distributed solution. Moreover, the modified ADMM with the
self-adjusting penalty parameter accelerates the convergence
and thus further improves the computational efficiency, whose
validity can be clearly verified by comparing the convergence
process of ADMM with and without the self-adjusting penalty
parameter, as shown in Fig. 4. It is also worth to highlight that
the proposed algorithm has a good scalability that growth on
state estimation time with the expansion of system scales is
very small.

C. Comparison Under Different Conditions of Network Cou-
pling

According to the type and location of coupling units shown
in Table IV, we increase the number of coupling units one
by one on the basis of the coupling scenario described above.
State estimations are applied to scenarios where the number of
coupling units increases from 2 to 8, which means the coupling
in IES is getting tighter and tighter. In each scenario, the
measurement configuration is the same as given previously.
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Fig. 4. Comparison of the convergence process of ADMM with and without
self-adjusting penalty parameter.

TABLE IV
THE TYPE AND LOCATION OF COUPLING UNITS

Coupling Unit Electricity Bus Heat Bus Natural Gas Bus
CHP 1 13 6
CHP 8 14 3
P2G 5 – 2
P2G 43 – 18
Gas-powered Generator 21 – 7
Gas-powered Generator 34 – 16
Gas-powered Boiler – 4 15
Gas-powered Boiler – 8 10

The performances of the proposed distributed algorithm in
estimated errors and time are respectively shown in Fig. 5
and Fig. 6, compared with those of the centralized algorithm.
The mean of RMSEs of all state variables in IES is used to
reflect the estimated accuracy.
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Fig. 5. Comparison of the estimated errors.
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Fig. 6. Comparison of the estimated time.

As the coupling among sub-systems gets tighter, estimated
errors of the distributed algorithm increase slightly, while the
estimated accuracy still meets the requirements of applications
and is close to that of the centralized algorithm within the
range of permitted errors. The increase in coupling units leads
to more data interaction among sub-systems. In addition, in

order to achieve the global convergence satisfying all coupling
constraints, more iterations are needed for coordination. As a
result, the estimated time of the distributed state estimation
algorithm increases with the increase in coupling units, yield-
ing the 80.18% growth of time under the tightest coupling
condition compared to the initial coupling condition. Similarly,
for the centralized scheme, the increase in coupling units
causes the expansion of the dimension of the Jacobian matrix
and even numerical problems, leading to the increase in the
estimated time by a maximum of 94.04%. However, it is
obvious that under every coupling condition, the distributed
state estimation algorithm all shortens the estimated time by
more than 92.04% compared with the centralized algorithm,
showing significant advantages in computational efficiency.

Therefore, the proposed distributed algorithm has the good
applicability to the state estimation for IES under different
conditions of network coupling, yielding the estimated results
with sufficient accuracy and significantly improved efficiency
compared with the centralized counterpart.

D. Comparison Under Different Conditions of Measurement
Observability

In general, observability is the premise of state estimation,
which is reflected by the full rank of the Jacobian matrix in
the conventional WLS state estimation. In the above cases, the
full measurement set is available, ensuring that the IES is fully
observable. Under such measurement observability condition,
it has been demonstrated that the distributed state estimation
algorithm has the acceptable accuracy and the significant
advantage in efficiency over the centralized counterpart.

To compare the performance of these two algorithms under
measurement condition that the local observability is not avail-
able, all related measurements of the node 11 in the natural
gas sub-system of IES are removed from the measurement set.
And no coupling units are placed on this node, thus the natural
gas sub-system of IES is locally unobservable. The estimated
errors of two algorithms are compared in Table V.

TABLE V
COMPARISON OF THE ESTIMATED ERRORS (×10−3)

RMSEV RMSEθ RMSEm RMSET s RMSET r RMSEπ
CSE – – – – – –
DSE 1.20 2.40 2.00 2.80 3.80 –

It can be seen that when the local observability is absent
in a sub-system, the centralized state estimation algorithm
is infeasible because the Jacobian matrix with zero columns
is singular which makes it impossible to carry out matrix
inversion in the iteration. However, correct estimated results of
all sub-systems except the one which is locally unobservable
can be still obtained by the proposed distributed algorithm.
The reasons can be considered from the following two as-
pects: on the one hand, observability is not necessary for the
convergence of ADMM in the first linear estimation stage
of the distributed scheme; on the other hand, the second
linear state estimations are performed independently in sub-
systems without affecting each other. Thus, even under the
measurement condition where local unobservability occurs,
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state estimations based on the proposed distributed scheme
can be applied as usual to the observable sub-systems, which
weakens the adverse effect on state estimation for IES.

In a word, the proposed distributed state estimation algo-
rithm has the relatively better applicability than the centralized
counterpart to different conditions of measurement observabil-
ity.

VI. CONCLUSION

This paper proposes an ADMM-based distributed state
estimation algorithm for IES, yielding the global state estima-
tion results with sufficient accuracy and reliable convergence.
Based on bilinear theory and the modified ADMM technique,
the state estimation for IES is performed in a fully distributed
way significantly enhancing the computational efficiency. Be-
sides, only some coupling variables on coupling units will
be interacted among sub-systems for coordination, exhibiting
low demands on communication and superiority on privacy
protection. In future works, the state estimation for IES will
take the placement of measurements into account.
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